We find the generating function for the class of all permutations that avoid the patterns 3124 and 4312 by showing that it is an inflation of the union of two geometric grid classes.
Preliminaries
We consider permutations in one-line notation so that a permutation of length n is treated as a linear ordering of the symbols of {1, 2, . . . , n}. For permutations τ and π with lengths k and n respectively, we write that τ ≤ π (or that "π contains τ ") if there is a set of indices 1 ≤ i 1 < i 2 < · · · < i k ≤ n such that the sequence π(i 1 ), π(i 2 ), . . . , π(i k ) is in the same relative order as τ . For example, 4312 ≤ 4756231 because the entries 7523 in 4756231 have the same relative order as 4312.
A permutation class is a set of permutations that is closed downward under this order, i.e., if C is a permutation class and if π ∈ C and τ ≤ π, then τ ∈ C. We can describe a permutation class by specifying a list of permutations that it avoids. As an example, the set of all strictly increasing permutations may be denoted Av (21) . This paper studies the class of permutations that avoid both 3124 and 4312, denoted Av(3124, 4312). In particular, we derive its generating function a n x n , where a n is the number of permutations of length n in this class.
A permutation class is called a 2×4 class if the minimal elements in the set of permutations not in the class consist exactly of two permutations of length four. Up to symmetries of the permutation containment order -the group generated by the symmetries reverse, complement, and group-theoretic inverse -there are 56 different 2×4 classes. Some of these have the same enumeration; it has been shown that there are precisely 38 different enumerations for the 2×4 classes [6, 13, 14, 15, 16] . This paper will bring the number of different enumerations that have been found to 27. See Wikipedia [22] for a list of currently known enumerations.
Albert, Atkinson, and Vatter [4] enumerated three of the 2×4 classes by studying inflations of geometric grid classes. We show that Av(3124, 4312) is also amenable to the same techniques despite its significantly more complicated structure. Furthermore, in Section 9 we show that these methods cannot be applied to any other unenumerated 2×4 classes. Informally, each entry of the matrix becomes a cell that is either empty or contains an increasing line segment, a decreasing line segment, or a single point, depending on the corresponding matrix entry.
A permutation class C is a geometric grid class if there exists a matrix M such that every permutation in C can be drawn on the standard figure of M by placing entries anywhere on the line segments, with at most one entry placed in each "•" cell. In this case, we say that C = Geom(M ). Some well-studied geometric grid classes are, for example, those permutations that can be drawn on an X [20, 21] and those permutations that can be drawn on a diamond [9, 21] . See Figure 2 .
A consistent orientation of a geometric grid class is a way of assigning a direction to each line segment in the standard figure such that in any row either all arrows point upward or all arrows point downward and in any column either all arrows point leftward or all arrows point rightward. The base point of a cell is the beginning endpoint of its directed line segment, if it has one. Figure 3 shows the three geometric grid classes studied in this paper 1 , along with the consistent orientations that we use for each. It also shows the cell alphabet for each class, which is described below.
Let C = Geom(M ) be a geometric grid class, and let Σ be a set (an alphabet) that contains one letter for each nonempty cell of M , called the cell alphabet. As usual with languages, let Σ * be the set of words formed by the alphabet Σ. Let w = w 1 w 2 · · · w n ∈ Σ * . We now describe how to map this word to a permutation in C.
The actual values of these distances doesn't matter, so long as no two are equal. For each letter w i in the word w, if the cell corresponding to w i has a directed line segment, then place a permutation entry in cell w i on the line segment at (infinity-norm) distance d i from the base point of that cell. If the cell corresponding to w i has just a single point, place the permutation entry at this point. There can be at most one entry per point. The result is a permutation drawn on the standard figure which we can read by labeling the entries in ascending order from bottom to top and then recording these labels from left to right.
Consider the leftmost geometric grid class in Figure 3 . The cell alphabet is Σ = {a, b, c, d}. Let w = bacddb ∈ Σ * . Then (using, say, distances that are evenly spaced), the placement of entries onto the standard figure is as follows.
a b c d
Numbering the entries in ascending order from bottom to top and then recording these entries from left to right gives the permutation 234165. Given a geometric grid class C, the map described above is a surjection ϕ : Σ * → C.
Geometric grid classes are especially tractable because for any given geometric grid class C we can construct a regular language L such that there is a length-preserving bijection L → C. It is well-known that the generating function for the words in any regular language (by length) is rational. (See, for instance, Flajolet and Sedgewick [10, Section I.4 and Appendix A.7] .) This fact is crucial in the proof of the following theorem. In [3] , the authors describe the two obstacles which must be overcome in order to restrict the domain of ϕ to some regular language L ⊆ Σ * such that ϕ L is a bijection.
(1) There are pairs of cells whose letters "commute", resulting in two words that map to the same permutation. These are the pairs that share neither a row nor a column. In the example above, since the cells b and d commute, the words bacdbd and bacbdd also map to the same permutation. Such words have their entries in the same cells, but the entries are shifted around within each cell.
(2) We can sometimes move entries between cells to produce the same word. In the example above, we can move the first three entries corresponding to bac all into cell a to yield the same permutation, i.e., ϕ(bacddb) = ϕ(aaaddb).
The first obstacle is easily dealt with: for each pair of commuting cells, we pick a preferred order, e.g., bd instead of db, and we forbid all words that have any occurrence of a non-preferred order. The second issue is more delicate. In [3] , a non-constructive proof is given to show that eliminating such duplicate words leaves a regular language. Since we can't use this proof to actually construct the regular language, we are required to find each of our regular languages by hand. Then, using the Lastly, in Section 9 we explore the applicability of this method to other permutation classes.
The Simple Permutations of Av(3124, 4312)
Consider the three geometric grid classes G 1 , G 2 , and G 3 whose standard figures are shown in Figure 3 . It is clear that G 3 is the intersection G 1 ∩ G 2 . This will be useful when we count the permutations in Av(3124, 4312); those that arise as inflations of simple permutations that lie in both G 1 and G 2 will be double-counted, and hence in order to compensate, those that arise as inflations of simple permutations that lie in G 3 must be subtracted.
Whereas simple permutation of the classes in Albert, Atkinson, and Vatter [4] were each contained in a single geometric grid class, the class studied here has simple permutations contained in the union of two geometric grid classes. This fact considerably lengthens both the proof of our upcoming Theorem 4.1 and the subsequent analysis.
In the following arguments, we make frequent use of Albert's PermLab application [1] to help us determine valid permutation configurations. We use permutation diagrams, comprised of a permutation plotted on top of a grid of cells. A cell is white if we are allowed to insert a new entry into that cell without creating an occurrence of 3124 or 4312. A cell is shaded dark gray if insertion into that cell would create a forbidden pattern, i.e., a 3124 or 4312. A cell is shaded light gray if we have specifically forbidden insertion into that cell as part of an argument, e.g., if we assume a particular entry is the maximal entry, then we can forbid insertion into all cells above it.
In order to talk about certain regions in a permutation diagram, we define the rectangular hull of a set S of points to be the smallest axis-parallel rectangle in the plane that contains all points of S. In particular, the rectangular hull of S frequently contains additional points not in S. In our case, the points are entries in a permutation diagram. Let π ∈ Simples(Av(3124, 4312)) have length n. Let π L be the entries to the left of n and let π R be the entries to the right of n, as in Figure 4 . In order to avoid both 3124 and 4312 patterns, we must have π L , π R ∈ Av(312). Also, both π L and π R must be nonempty; otherwise π begins or ends with n and is not simple.
Case 1: Assume π R does not contain the pattern 132. Then, π R ∈ Av(132, 312) which implies that π R is a wedge permutation of the shape shown in Figure 5 . Since π R is nonempty, we know that the last entry π(n) lies in the π R part of π.
First assume that π R contains only the entry π(n). Then, in order for π to be simple, the rectangular hull of n and π(n) must be split to the left in the cell marked A in Figure 6 (a). We claim that any entries in cell A must be increasing. To see this, assume there is a descent (a 21 pattern) in cell A and choose the '2' to be the topmost possible entry and the '1' to be the bottommost possible entry for the chosen 2. This gives the diagram in Figure 6 (b). The rectangular hull of this 21 pattern must be split to the left. Assume the separating entry is as far to the left as possible. Then, as seen in Figure 6 (c), there exists an interval of length 3 that is impossible to split. Hence, any entries in cell A must be increasing. The argument that we just made relating to the unsplittable 21 pattern will be used many times in this proof. For its remainder, we will simply refer to an "unsplittable 21 pattern" to mean that if we choose the '2' to be as high as possible and the '1' to be as low as possible, and then choose a separating entry as far to the left as possible, we get an interval of length 3 that cannot be split.
In addition to being increasing, cell A must also be nonempty. Consider an entry in cell A that is as low as possible as possible, yielding Figure 6 (d). If cell B has any entry, then we get an unsplittable 21 pattern. If cell C has any descent, then we again get an unsplittable 21 pattern. If cell D has an ascent, then there is a 3124 patten. Hence, B is empty, C is increasing, and D is decreasing. This leaves us with the diagram in Figure 6 (e). It is clear that any permutation drawn on this figure lies in both G 1 and G 2 . This concludes the analysis of the case in which π R has exactly one entry.
Now suppose instead that π R has more than one entry, but is strictly decreasing. We then have the diagram in Figure 6 (f). The rectangular hull of π R must be split with an entry to the left. Choose the leftmost possible entry to get the diagram in Figure 6 (g). If cell A contains an entry, then there is an interval that cannot be split. Hence, cell A is empty. Cells B and C together must be decreasing to avoid a 3124 pattern. To avoid an unsplittable 21 pattern, cell D must be increasing. For the same reason, cell E must also be increasing. Thus, we have the situation in Figure 6 (h). Now, the rectangular hull of n and the entry to its immediate right must be split to the left. The result is Figure 6 (i). Cells F , G, H, and I together form one decreasing block. Cell K must be empty in order to avoid an unsplittable interval. Consider cell J. If there were a 312 pattern in cell J, then there would be a 3124 pattern. If there were a 213 pattern in cell J, then there would be an unsplittable interval. Hence, the permutation inside cell J must be an element of Av(213, 312), which is the class of permutations that can be drawn on the shape ∧ (a wedge permutation with the point at the top). See Figure 6 (j). In order to be able to draw such a permutation onto the standard figure of G 1 , we can't have both a descent from the wedge and a descent in the big decreasing block below it. If we had two such descents, then there would be an unsplittable interval, violating simplicity. Therefore, in this case (when π R is strictly decreasing), π is an element of Simples(G 1 ).
Next, we must rule out a case that cannot occur. We know that π R has the shape of a wedge permutation as shown in Figure 5 . We now show that if π R is not strictly decreasing then its rightmost entry, π(n), lies on the top part of the wedge permutation, not the bottom part. Assume otherwise. Then, we have the picture in Figure 7 (a), where the rightmost entry is π(n), the leftmost entry is n, and the middle entry is some other entry that must be in π R , which we've picked to be the last entry on the upper part of the wedge.
Continuing the analysis of this case, since π R is not strictly decreasing, there must be some other entry in π R that is not in the decreasing block. Choose the leftmost possible entry, as in Figure 7 (b). If cell L were empty, then we would have π(n) = 1, which contradicts the simplicity of π. As such, cell L must be nonempty. Then, the rectangular hull of the middle two entries in Figure 7 (b) must be split as far to the left as possible, yielding Figure 7 (c). The rectangular hull of the 4 middle entries shown in the figure cannot be split; there are four possible boxes where we can begin to try to split it, but we quickly see that any entry in each of these boxes just makes the interval bigger while not offering any path that will lead to splitting the interval. Therefore, this case is impossible.
Hence, we can now assume that π(n) is in the upper part of the wedge. Therefore, we have the permutation diagram shown in Figure 7 (d), in which the first entry is n and the second entry is π(n).
The top three cells in Figure 7 (d) are shaded because we're assuming that first entry is n, and so there is no entry greater than it. The other three cells are shaded because the second entry is π(n) (so it is the rightmost entry of π), and it's in the increasing part of π R (so it is as high as possible). Now assume that π R has at least two entries, and let the second entry be as low as possible. Thus, we have the diagram in Figure 7 (e).
If E has a descent, then there is a 4312 pattern. If F is empty, then G must have an entry, and this creates an unsplittable 21 pattern. Hence E is increasing and there must be an entry in F . Select the leftmost possible entry. See Figure 7 (f).
To avoid an unsplittable 21 pattern, cell H must be increasing. Furthermore, any entry in H has no entry above it and to its left, since there would then be a 3124 pattern. This implies that cell H is actually empty because otherwise π(1) = 1 and in this case π would not be simple. The cells I and J together must be decreasing to avoid a 3124 pattern. Cell K must be increasing to avoid an unsplittable 21 pattern. Hence, we have the diagram in Figure 7 (g). Suppose that cell L has some entry. Place it as far to the left as possible. This gives us the diagram in Figure 7 (h). Any permutation drawn on this figure must lie in G 2 .
Now suppose instead that cell L is actually empty. This yields the diagram in Figure 8 Cell N must be empty to avoid an unsplittable 21 pattern. Additionally, any entry of O must be to the left of any entry in P . By the usual monotonicity arguments, we get the diagram in Figure 8 (d). Any permutation drawn on this figure lies in the class G 2 . This completes the first case.
Case 2: Assume π R contains a 132 pattern. Let the '1' be the bottommost possible entry, let the '3' be the topmost possible entry for the chosen '1', and let the '2' be the rightmost possible entry for the chosen '1' and '3'. This yields the diagram in Figure 8 (e). Any entry in cell B leads to an unsplittable 21 pattern. Hence, there must be an entry in cell A to split the rectangular hull of the last two entries shown in the figure. Pick this entry to be as far to the left as possible. To avoid 3124 and 4312 patterns, we have the monotone conditions shown in Figure 8 (f). We now show that cell E is empty. Assume it has some entry. Then, the rectangular hull of the leftmost five entries of π shown in Figure 8 (g) must be split in order for π to be simple. There is only one place (cell F ) where we could possibly have a separating element. However, there can be no entry that is both to the right of an entry in F and below the entry of height 2 in Figure 8 (g). Therefore, the interval can never be split. Hence, cell E is empty.
Lastly, any entries in the cells C and D together must be increasing, since any descent contained in these two cells would form an unsplittable 21 pattern. So, we have shown that in this case, π can be drawn on the diagram in Figure 8 (h). Thus, π can be drawn on the standard figure of G 1 .
This completes the proof that Simples(Av(3124, 4312)) = Simples(G 1 ∪ G 2 ).
The Regular Language and Inflations of G 1
The standard figure for G 1 is shown in Figure 3 , along with the directional arrows corresponding to a consistent orientation.
Albert, Atkinson, and Vatter [4] determined the regular languages that are in bijection with G 1 and Simples(G 1 ). We repeat this derivation here because it is a good introduction to the following two sections.
Recall the standard notation for regular languages: if x is a letter (or a set of letters), then "x * " means zero or more occurrences of x and "x + " means one or more occurrences of x.
As discussed in Section 3, there are two impediments to the bijectivity of the map ϕ : Σ * → G 1 . Firstly, we prevent duplicate words that arise as a result of commuting pairs of cells. In this geometric grid class, the set of commuting pairs is { (a, c), (a, d), (b, d) }. Therefore, to prevent these duplicate words, we forbid all occurrences of ca, da, and db.
Next, we must prevent duplicate words that arise from moving some entry to a different cell. Among all such duplicate words, we choose to prefer the word that has the most entries in the first column, then the most entries in the second column, and then the most entries in the first row.
We define L 1 to be the regular language consisting of all words Σ * , with the following restrictions.
⋄ As above, we forbid all words that contain ca, da, or db.
⋄ If a word begins with a b, then the corresponding entry could be moved to cell a. Hence, we forbid all words that begin with a b.
⋄ If a word begins with a * c, then entry corresponding to the c could be moved into cell a. Hence, we forbid all words that begin with a * c.
⋄ If a word ends with a d, then the entry corresponding to the d could be moved into cell c. Hence, we forbid all words that end with d.
⋄ If a word starts with a d, has no c, and has no other d, then the entry corresponding to the d could be moved into cell c. Hence, we forbid all words of the form d{a, b} * .
⋄ If a word is of the form a * {c, d} + , then all entries corresponding to c and d could be moved into cells a and b. Hence, we forbid all words of this form. 
.
We can find the univariate generating function for G 1 by setting all four variables to x. The univariate generating function is:
which is sequence A083323 in the OEIS [18] , and has closed form 3 n−1 − 2 n−1 + 1 for n ≥ 1.
We will now restrict L 1 to a new regular language S 1 that in is bijection with Simples(G 1 ). Permutations that are not simple arise due to either repeated letters (an interval in one cell) or one of the shaded regions involving two or more cells shown in Figure 9 . So, we make the following restrictions.
⋄ We exclude any words that contain consecutive occurrences of any letter: aa, bb, cc, or dd.
⋄ To avoid intervals of the first type, we forbid all words that begin with two or more occurrences of {a, b, c}.
⋄ To avoid intervals of the second type, we forbid all words that end with ca * da * or d{a, b} * ca * .
⋄ To avoid intervals of the third type, we require that the last a is followed by a b, i.e., we forbid all words that end with a{c, d} * . ⋄ Lastly, we explicitly forbid the word dcb, which does not correspond to a simple permutation but is not forbidden by any of the previous rules.
From these rules, we can find the multivariate generating function of S 1 :
In particular, this shows that every simple permutation of G 1 has at least one entry in each of cells b, c, and d. Note that this multivariate generating function excludes the permutation of length 1 and both permutations of length 2. This is because we don't need to consider inflations of the permutation 1 and we will handle inflations of 12 and 21 separately.
We can see that the univariate generating function of Simples(G 1 ) of length at least 4 is thus:
which is sequence A000079 in the OEIS [18] , and has closed form 2 n−3 for n ≥ 4.
Lastly, we must determine the ways in which we can inflate a simple permutation of G 1 to yield a permutation in Av(3124, 4312). For the remainder of the paper, we define the two functions
to be the generating function for nonempty increasing (or decreasing) permutations, and
to be the generating function for nonempty permutations in Av(312), which are counted by the Catalan numbers. Additionally, we will let f denote the generating function for Av(3124, 4312).
In order to find the allowed inflations of a simple permutation in G 1 , we need to split the letter c into two letters c 1 and c 2 . A c is a c 1 if there is any b following it, and a c 2 otherwise. By simplicity, there is at most one c 2 . Additionally, we must split Simples(G 1 ) into two types of permutations. Let a permutation π ∈ Simples(G 1 ) be Type A if its corresponding word meets the following criteria:
⋄ there is no c after any b,
⋄ there is no d after any c, ⋄ the first b is before any a.
There is one simple permutation of each odd length in Simples(G 1 ) that meets these criteria. By construction, there is no c 2 in any Type A permutation; every c is a c 1 .
It follows that the multivariate generating function for the Type A permutations in Simples(G 1 ) is
The remainder of the simple permutations of length at least 4 in G 1 (we will call them Type B ) thus have multivariate generating function S 1,2 = S 1 − S 1,1 .
In Type A permutations, we can inflate any entry in cell a by any permutation in Av(312). We can inflate any entries in cell b by any decreasing permutation except for the first entry in cell b, which can be inflated by any permutation in Av(312). Any entry in cell c (which must be a c 1 ) may be inflated by any increasing permutation. Entries in cell d may be inflated by permutations in Av(312). Therefore, the generating function for inflations of simple permutations of Type A that are still in Av(3124, 4312) is c m · S 1,1 (c, m, m, 0, c) .
In Type B permutations, we consider two cases. In both cases, entries in cell a can be inflated by permutations in Av (312) Combining the above results, the (univariate) generating function for the inflations of simple permutations of length at least 4 from G 1 that lie in Av(3124, 4312) is
The Regular Language and Inflations of G 2
The standard figure for G 2 is shown in Figure 3 , along with the directional arrows corresponding to a consistent orientation. In this geometric grid class, the set of commuting pairs is
We note that the three letters a, e, and f commute with the three letters b, c, and d. So, we forbid all words in which any b, c, or d comes before any a, e, or f . This handles all commuting pairs except for (a, f ) and (b, d), so we further forbid all words containing either f a or db.
Next, we must prevent duplicate words that arise from moving some entry to a different cell. Among all such duplicate words, we prefer the word that has the most entries in the first column, then the second column, then the third column, then the first row, then the second row, and then the third row.
We define L 2 to be the regular language consisting of all words {a, b, c, d, e, f } * , with the following restrictions.
⋄ As above, we forbid all words that contain the factor {b, c, d}{a, e, f } as well as all words containing either f a or db.
⋄ If a word begins with e, then the corresponding entry can be moved to cell c. Hence, we forbid all words that start with e.
⋄ We can move an entry in cell d to cell b if the d has no c or f before it and no f after it. Hence, we forbid all words of the form {a, b, d, e}
⋄ If a word has no f , then any entry in cell b can be moved to cell a (by also moving some entries from cell c to cell e and some entries from cell d to cell f , as needed). Hence, we forbid words of the form {a, b, c, d, e}
⋄ Consider a word that ends in the form b{a, e, f } * d * {a, b, c, e, f } * . Then, the entry in cell b can be moved into cell a (by also moving some entries in cell c to cell e as needed). Hence, we forbid all words that end with b{a, e, f } * d * {a, b, c, e, f } * .
⋄ If a word has an f which has no b, c, or e before it and no b or c after it, then the first f can be moved to cell c. Hence, we forbid words of the form {a, d, f } * f {a, d, e, f } * .
⋄ If a word starts with the prefix {a, e, f } * c, then the entry in cell c can be moved to cell b. Hence, we forbid words that start with {a, e, f } * c.
The language L 2 is in (length-preserving) bijection with the geometric grid class G 2 . We can compute the multivariate generating function for this regular language, but it is too long to display here. We find the univariate generating function for G 2 by setting all six variables to x. The univariate generating function is
sequence A226431 in the OEIS [18] .
We now restrict L 2 to a new regular language S 2 that in is bijection with Simples(G 2 ) (excluding the permutations 1, 12, and 21). Permutations that are not simple arise due to either repeated letters (an interval in one cell) or one of the shaded regions involving two or more cells shown in Figure 10 . So, we make the following restrictions.
⋄ We exclude any words that contain consecutive occurrences of any letter: aa, bb, cc, dd, ee, or f f .
⋄ To avoid intervals of the first type, we require that words do not end with a{a, b, c, d, f } * . ⋄ To avoid intervals of the second type, we require that words do not end with e{b, c, d, e} * .
⋄ To avoid intervals of the third type, we forbid words of the form {a, b, c, e, f } * f {a, b, c} * .
⋄ To avoid intervals of the fourth type, we must exclude any words that begin with {a, b, c, e, f } * b{a, b, c, e, f } * c.
⋄ To avoid intervals of the last type, we forbid all words of the form {a, d, f } * f {a, d, e, f } * c{a, c, e, f } * .
From these rules, we can find the multivariate generating function of S 2 :
The univariate generating function of Simples(G 2 ) of length at least 4 is thus
This is sequence A226432 in the OEIS [18] . It is the sum of the Fibonacci sequence with the selfconvolved Fibonacci sequence, i.e., if F n is the n th Fibonacci number (with
In order to find the allowed inflations of a simple permutation in G 2 , we need to split the letters c and d each into two letters. We say that a c is a c 2 if there is no b or c before it and it does not simultaneously have a d both before and after it. It is a c 1 otherwise. We say that a d is a d 2 if the word has no e, the word has at most one f , and the d has no c after it. It is a d 1 otherwise. By simplicity, a word can have at most one d 2 . The multivariate generating function for S 2 with these new letters will be denoted
We handle three separate cases. In all cases, entries corresponding to a, b, and c 2 can be inflated by any permutation in Av(312), while entries corresponding to c 1 and e can be inflated by decreasing permutations and entries corresponding to d 1 can be inflated by increasing permutations. The three cases below specify how entries corresponding to d 2 and f may be inflated.
In the case that the word has no d 2 , all entries in cell f can be inflated by permutations in Av(312). The multivariate generating function for the words in S 2 that have no d 2 is defined to be
In the case that the word has a d 2 and this d 2 is inflated by an increasing permutation, entries in cell f may be inflated by any permutation in Av(312). If this d 2 contains a descent (i.e., is inflated by a permutation in Av(3124, 4312) Av (12)), then entries in cell f may only be inflated by decreasing permutations. The multivariate generating function for the words in S 2 that have a d 2 is S 2,2 = S 2 − S 2,1 .
Combining the above results, the (univariate) generating function for the inflations of simple permutations of length at least 4 in G 2 is 
The Regular Language and Inflations of G 3
The standard figure for G 3 is shown in Figure 3 , along with the directional arrows corresponding to a consistent orientation. The set of commuting pairs is {(a, c),
Thus, we forbid words that contain ca, da, db, or dc.
Next, we must prevent duplicate words that arise from moving some entry to a different cell. Among all such duplicate words, we prefer the word that has the most entries in the first column, then the second column, then the first row, and then the second row.
We construct L 3 to be the regular language consisting of all words {a, b, c, d} * , with the following restrictions.
⋄ To conform to the definition of a "•" entry in a geometric grid class, we forbid all words that contain more than one d.
⋄ As above, to avoid duplicate permutations due to commuting pairs, we forbid words that contain ca, da, db, or dc.
⋄ If a word starts with b, then the corresponding entry could be moved to cell a. Hence, we forbid words that begin with b.
⋄ If a word has no d and starts with a * c, then the entry corresponding to the c could be moved into cell a. Thus, we forbid words of the form a * c{a, b, c} * .
⋄ If a word has no b and at least one c or d, then the entry corresponding to a c could be moved to cell a or the entry corresponding to a d could be moved to cell b. Thus, we forbid all words of the form {a, c, d} * {c, d}{a, c, d} * .
⋄ If a word has no c and has a d, then the entry corresponding to the d can be moved into cell c. Thus, we forbid words of the form {a, b, d}
The language L 3 is then in (length-preserving) bijection with the geometric grid class G 3 . We can compute the multivariate generating function for this regular language, but again it is far too long to display here. We can find the univariate generating function for G 3 by setting all four variables to x. The univariate generating function is:
sequence A226433 in the OEIS [18] .
We will now restrict L 3 to a new regular language S 3 that is in bijection with Simples(G 3 ). Permutations that are not simple arise due to either repeated letters (an interval in one cell) or one of the shaded regions involving two or more cells shown in Figure 11 . So, we make the following restrictions.
⋄ We exclude any words that contain consecutive occurrences of any letter: aa, bb, cc. (We already can't have dd.)
⋄ To prevent intervals of the first type, we require that there is a b after the last a. Hence, we forbid words that end in a{c, d} * .
⋄ To prevent intervals of the second type, we forbid words that begin with ab.
⋄ Lastly, we explicitly forbid the word cbd, which does not correspond to a simple permutation but is not forbidden by any previous rule.
From these rules, we can find the multivariate generating function of S 3 :
The univariate generating function of Simples(G 3 ) of length at least 4 is thus
which is sequence A000045 in the OEIS [18] .
In order to find the allowed inflations of a simple permutation in G 3 , we need to split the letters b and c each into two letters. A b is a b 2 if there is no a, b, or c 2 before it and no c after it. It is a b 1 otherwise. There is at most one b 2 . A c is a c 2 if there is no b after it. It is a c 1 otherwise. By simplicity, a word has at most one c 2 . The multivariate generating function for S 3 using these new letters will be denoted
We handle three separate cases. In all cases, entries corresponding to a and b 2 can be inflated by any permutation in Av(312), while entries corresponding to b 1 can be inflated by decreasing permutations and entries corresponding to c 1 can be inflated by increasing permutations. The three cases below specify how entries corresponding to c 2 and d may be inflated.
In the case that the word has no c 2 , an entry in cell d can be inflated by permutations in Av(312). The multivariate generating function for the words in S 3 that have no c 2 is defined to be
If the word has a c 2 and that c 2 is inflated by an increasing permutation, then an entry in cell d can be inflated by permutations in Av(312). If the word has a c 2 and that c 2 is inflated by a permutation containing a descent (i.e., a permutation in Av(3124, 4312) Av (21)), then an entry in cell d can only be inflated by decreasing permutations. The multivariate generating function for the words in S 3 that have a c 2 is S 3,2 = S 3 − S 3,1 .
Combining the above results, the (univariate) generating function for the inflations of simple permutations of length at least 4 in G 3 is 
Computing the Generating Function of Av(3124, 4312)
We proved earlier that Simples(Av(3124, 4312)) = Simples(G 1 ∪ G 2 ). Therefore, we can count the simple permutations in Av(3124, 4312) with the results from previous sections. We start by counting the permutation of length 1, the two permutations of length 2, the simple permutations in G 1 , and the simple permutations in G 2 . However, this double-counts the simple permutations that lie in both G 1 and G 2 . Since G 1 ∩ G 2 = G 3 , we correct for this subtracting the generating function for the simple permutations in G 3 . From this we see that the generating function for the simple permutations in Av(3124, 4312) is
(1 − 2x)(1 − x − x 2 ) 2 = x + 2x 2 + 2x 4 + 4x 5 + 10x 6 + 21x 7 + 44x 8 + 89x 9 + · · · , sequence A226430 in the OEIS [18] . For n ≥ 4, we have
(where F n is the n th Fibonacci number, with F 1 = F 2 = 1).
The previous three sections have detailed the allowed inflations of simple permutations of length at least 4. By Lemma 2.1, it remains to determine the inflations of the permutations 12 and 21. To · · · Figure 12 : The increasing oscillating sequence, plotted in the style of a permutation plot. Note that there is no index that has entry 2.
· · · · · · Figure 13 : A permutation in an infinite family of simple permutations.
Applicability to Other 2×4 Classes
One may wonder whether these methods apply to any of the eleven remaining 2×4 classes that have not yet been enumerated. The key property of Av(3124, 4312) that makes these arguments possible is that its simple permutations lie in a geometric grid class. It is easy to see that a permutation class is not geometrically griddable if it contains either arbitrarily long sums of the permutation 21 or arbitrarily long skew sums of the permutation 12.
To this end, we show that each of the remaining 2×4 classes contains a family of simple permutations that contains arbitrarily long sums of 21 or skew sums of 12. A natural candidate is the family of increasing oscillations. The increasing oscillating sequence is the infinite sequence 4, 1, 6, 3, 8, 5, . . . , 2k + 2, 2k − 1, . . . , plotted in Figure 12 . An increasing oscillation is any simple permutation that is contained in the increasing oscillating sequence.
Brignall, Ruškuc, and Vatter [7] showed that the class of all permutations contained in all but finitely many increasing oscillations is Av This leaves only the two classes Av(2143, 4213) and Av(2413, 3412), which contain neither the family of increasing oscillations nor the analogously defined family of decreasing oscillations.
Consider instead the family of simple permutations depicted in Figure 13 . No permutation in this family contains either a 2143 or a 4213 pattern. Hence this infinite family, which cannot be geometrically gridded, lies in Av(2143, 4213). The last class in question, Av(2413, 3412), does not contain this infinite family, but it is symmetric (by a 90
• rotation) to Av(2143, 2413) which does contain this infinite family.
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